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Abstract

This thesis describes the Delta-Normal method of computing Value-at-Risk. The
advantages and disadvantages of the Delta-Normal method compared to the Historical
and Monte Carlo method of computing Value-at-Risk are discussed. The Delta-Normal
method of computing Value-at-Risk is compared with the Historical Simulation method
of Value-at-Risk using an implementation of portfolio consisting of ten stocks for 400

time intervals.

Based on the normality of the distribution of the portfolio risk factors, Delta-Normal
would be suitable if the distribution is normal and Historical Simulation method of

calculating Value-at-Risk would be ideally suited if the distribution is non-normal.
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1. Introduction & Background

Risk measurement is a classical problem in finance. Harry Markowitz’s work [2]
was the first that gave a clear mathematical definition to “risk” in portfolio analysis.
Markowitz did not actually use the word “risk™ in his original paper but he only said that
the variance (or standard deviation) in return on the portfolio is the quantity that an
investor would like to minimize while maximizing the return on the portfolio. The
intuitive definition of risk is the probability of suffering harm or loss. Any mathematical
definition of risk must capture and quantify the idea that return is a random variable and

risk is the probability or possibility of loss (References [4, 5, and 6]).

1.1 Mean Variance Analysis

Given a portfolio of N assets, the investor chooses to invest a fraction of total

wealth h, in each of N assets with (random) return R, . The expected return on the

portfolio is the weighted average of the individual expected returns:
N N T
Hp = E[Rp]: ZhiE[Ri]: zhi/‘i =h p.
i=l i=1

The risk associated with the portfolio is the variance (or standard deviation) of the return

on the portfolio (see [2]) :
N
op :Var[Rp]: Z

N
j=1 =l

ho,h, =hTCh

Where C isthe N x N covariance matrix with entries

oy = E[(R, = )R, — )]



To say that the return on a portfolio is a random variable means that the (future) return is
not known in advance but the analyst has some way of modeling the distribution of

possible returns and their associated probabilities.

1.2 Alternate Risk Measures

In some applications, variance may not be the best measure of risk for a stock or
portfolio. There are other risk measures that are easier to interpret and easier to explain to
a client. These other risk measures have been developed and applied (see, for example,
Chapter 3 in [3]). These risk measures include:

e Semivariance (also called downside risk or downside variance);
e Target semivariance;

e Shortfall probability;

e Value at Risk.

Semivariance simply assumes that the investor only cares about large shifts in the
price of a stock if the large shifts are below the mean. If the distribution is symmetric,
then semivariance is simply a multiple of variance and so no new information is
recorded. If the distribution is not symmetric, then semivariance does capture useful
information which variance would miss.

Target semivariance goes one step further and records only drops in price larger
than a certain (target) threshold. It is a generalization of semivariance that focuses on
returns below a target, such as zero or the risk free rate instead of just below the mean.

Shortfall probability records the part of the distribution in returns that is below a
certain threshold. It answers the question “What is the probability that returns will be

below X ?” for a specified X .



One of the most used alternative risk measure is Value at Risk (VaR). It records
the actual loss that would occur if the returns were below a certain probability threshold
of the distribution. Note that, as with the semivariance, when the distribution of returns is
normal, then the value at risk is a multiple of the variance. Even in this situation where
the two measures really provide the same information, some clients will demand a report

of value at risk for a portfolio.

1.3 Need for Value-at-Risk

The concept and use of Value-at-Risk is recent. Value-at-Risk was first used by
major financial firms in the late 1980’s to measure the risk of their trading portfolios.
Since that time, the use of Value-at-Risk has exploded.

Value-at-Risk is now a widely used quantitative tool to measure market risk.
“VaR answers the question: how much can one lose with X % probability over a pre-set

horizon” [8]. More precisely VaR is an amount (say V dollars), where the probability of
losing more than V dollars is p* over some future time interval, T days. Value at Risk

measures the amount of risk in dollars. Investors can then decide whether they feel
comfortable with this level of risk.

Value-at-Risk asks the simple question “How bad can things get?”” All managers
would like this question to be answered. Value-at-Risk has become widely used by
corporate treasurers and fund managers as well as by financial institutions. Value-at-Risk
is used by bank regulators in determining how much capital a bank should possess to
reflect the market risks it is bearing [8]. Today, many banks, brokerage firms and
investment funds use similar methods to gauge their financial risk. A 1995 Institutional

Investor survey found that 32% of all firms use VaR as a measure of market risk, and



60% of pension funds responding to a survey by the New York University Stern School

of Business reported using VaR (chapter 9, [9] ) .

1.4 Criticism of Value-at-Risk

The widespread adoption of VaR has been accompanied by frequent criticism of
VaR as a measure of risk. Any attempt to summarize a distribution in a single number is
open to criticism, but VaR has a particular deficiency. Combining two portfolios into a
single portfolio may result in a VaR that is larger than the sum of the VaRs for the two
original portfolios. This fact contradicts the idea that diversification reduces the risk [7].

VaR assumes that the sigma and covariance matrix do not change. VaR fails when
you need it the most i.e, it is uninformative about extreme tails. One good example is
Long Term Capital Management (LTCM). Due to its shortcomings, it should not be used
as a standalone risk measure, but one of many risk measures to be considered in firm

wide risk management

1.5 Overview of this Report

Our goal is to study in detail the Delta-Normal Method of computing Value-at-
Risk. This project report focuses on computing Value-at-Risk for a portfolio of ten stocks
using the Delta-Normal Method and the Historical Simulation Method. The next section
gives the definition of Value-at-Risk and the steps involved in computing it. We then
give an overview of the different methods used to compute Value-at-Risk. We then turn
to the details of computing Value-at-Risk using the Delta-Normal method. The final

section provides a complete implementation analysis of computing Value-at-Risk (in



dollars) of a portfolio of ten stocks using the Delta-Normal and Historical Simulation

Methods.



2 Value-at-Risk Definition

Value-at-risk, as defined by Phillipe Jorion is “the worst loss over a target horizon
with a given level of target probability” (See chapter 5 in [9]).

From a mathematical point of view, Value-at-Risk is just a quantile of a return
distribution function. The portfolio’s Value-at-Risk (VaR) is a percentile of its return
distribution over a fixed horizon At. For example, the value-at-risk for a target

probability of 99% is a point X satisfying

At = risk-measurement time horizon
S = vector of m market prices
AS = Change in S over time horizon At

V (S,t) = portfolio value at time t and market prices S
L = loss over time horizon At =-AV =V (S,t) -V (S + AS,t + At)

1-F (x,.)=P(L>x )= p" with p*=0.01

The number m of relevant risk factors could be very large, potentially reaching
the hundreds or thousands. The risk factors represent market variables such as prices,
interest rates, spreads or implied volatilities. We therefore focus on the more fundamental
issue of measuring the tail of the loss distribution, particularly at large losses- i.e., on
finding P(L >Y) for large thresholds Y . A target probability provides a simple way of
summarizing information about the tail of the loss distribution, and this particular value

of the target probability is often interpreted as a reasonable worst-case loss level. The

significance of Value-at-Risk lies in its focus on the tail of the loss distribution.



Value-at-Risk has two important parameters. These are At, the time horizon, and
p", the target probability. These two major parameters should be chosen in a way

appropriate to the overall goal of risk measurement. For example, in bank supervision the
interval At is usually quite short, with regulatory agencies requiring measurement over a
two-week horizon. In other areas of market risk, such as asset-liability management for
pension funds and insurance companies, the relevant time horizon is far longer than two
weeks. These parameters can change depending upon the risk manager’s tolerance for
loss, the particular asset whose risk is being measured, or the business division’s
contribution to the firm’s overall operations.

There are several different methods for calculating Value-at-Risk, which can be
distinguished by their two main assumptions, the probability distribution for risk factors
and the valuation methods. Probability distribution for the risk factors is discussed first
followed by the second assumption i.e, the valuation methods.

Probability distribution for the risk factors: The distribution is either normal
distribution or a nonnormal distribution (i.e., an asymmetric distribution). The normal
distribution has (at least) two more crucial properties:

e The distribution is symmetric about the mean;

e Two parameters, the mean  and the variance o : N(u,5°) . The first

parameter represents the location and the second parameter represents the
dispersion.
For completeness, we should also mention two other moments i.e., Skewness and

Kurtosis. Skewness is a parameter that describes asymmetry in a random variable’s



probability distribution. Its value is 0 for a normal distribution. The skewness of a

random variable X defined by
3
skew(X ) = Ej(x _3”)
o

Where p and o are the mean and standard deviation of X . Both the probability density

functions in Figure 1 have the same expectation and variance.

Figure 1: Positive Vs Negative Skewness
Figure 1 (obtained from [12]) shows the positive and negative skewness of the
probability distribution of X . The one on the left is positively skewed ( skew(X) > 0)
and the one on the right is negatively skewed ( skew(X) < 0).
Kurtosis is a parameter that describes the “flatness” of a random variable’s
probability distribution. The kurtosis of a normal distribution is 3. The kurtosis of a

random variable X is given by.

urtx) - EX <)
o

The shapes of the two probability distribution functions in Figure 2 (obtained from [12])

illustrate kurtosis:

y

T T



Figure 2: Low vs. Higher Kurtosis
The probability distribution function of X on the right is more peaked than one on the
left and it has fatter tails. The distribution on the right has a greater kurtosis than the
distribution on the left. The distributions that are both peaked and have fat tails at the
same time have a kurt(X) > 3. The distribution that are less peaked and have thinner

tails at the same time have a kurt(X) <3 [12]. Skewness and Kurtosis can be used to

check whether the given sample distribution is close to normal distribution or not.

The probability density function of a normal distribution:

f (X | M, 0'2) = ;e[’(xﬂu)z 1207)
270

foro >0, —o<x<owand —co< <o

The Student t distribution and the generalized error distribution (GED) are

examples of a nonnormal distribution. The probability density function of a student t

distribution:
r(vﬂj
B 2 1 1
f(x|v)= F(Vj N - =17
) ()
v

for —co< X<, v=1,...

Where I is the gamma function and v is the shape defining parameter known as the
degrees of freedom [11]. The Student t distributions with v = 6 have a probability
distribution close to the normal distribution.

The probability density function of a generalized error distribution (GED) is given

as follows:



v
ZZ(H%)FLIJ

14

1, [t T
f(x|v)= A=|2 %y)
1%
where v is a shape-defining parameter. The pdf of the generalized error distribution
includes the normal pdf as a special case with v = 2. The pdf of the generalized error
distribution has fatter tails for v < 2. The generalized error distribution with v =1.3 have
a probability distribution close to the normal distribution. Both the student t distribution
and the generalized error distribution have fatter tails than the normal distribution. This
feature may be important when determining the potential losses using Value-at-Risk
because Value-at-Risk quantifies the tail loss. Fatter tails indicate higher potential loss for
a given investment.
Linear vs. Full valuation: Valuation is the process of estimating the value of an asset.
For example, the single-index model is the simplest valuation model which states that the
return of a portfolio (I, ) is the sum of an assets Beta, or systematic risk to movement in
the market, plus an error term, referred to as idiosyncratic or residual risk
e = Pl + 65
Linear valuation approximates the exposure to risk factors by a linear model. The
delta normal method is an example of a linear valuation method. The full valuation
method is potentially the most accurate because it accounts for nonlinearities, income
payments, and even time-decay effects that are usually ignored in the delta-normal
approach. For portfolios with substantial option components (such as mortgages) or
longer horizons, a full-valuation method may be required. The Monte Carlo simulation

approach and the historical simulation approach are examples of full-valuation methods.

10



2.1 Computation of Value-at-Risk

The Value-at-Risk is computed using the following procedure:

The Portfolio’s current value is denoted as p and it is known. The Portfolio’s future

value is not known in advance and it is a random variable denoted by P . We need to
estimate the distribution of P to calculate VaR. If we assume a standard distribution such
as a normal distribution, the problem reduces from one of estimating an entire
distribution to that of estimating the parameters necessary to specify that distribution. The
risk factors such as prices, interest rates, spreads or implied volatilities being considered
are then specified. R isan N dimensional vector which contains the values of these risk
factors in future. We need to make sure that the historical data is available for these risk
factors. Based on the historical data, we can characterize the distribution of R . We then
need to convert that characterization of the distribution of R into a characterization of the
distribution of P . This is achieved by the portfolio mapping function. Portfolio’s future
value can be expressed in terms of R by using a function @ called the portfolio mapping
function.
P =6(R)

This relationship is called portfolio mapping. Portfolio mapping function € maps the N -
dimensional space of the risk factors to the one-dimensional space of the portfolio’s
future market value.

If R holds the prices of the different stocks then it is a very simple portfolio
mapping. However, if R holds many different risk factors such as prices, interest rates

and implied volatilities, then the portfolio mapping function will be complicated. So, we

11



need to apply the portfolio mapping function 0 to the entire distribution of R to obtain

the entire distribution of P .

If @ is a linear polynomial and P is normally distributed then all we need to do is
to calculate 1, and o, for the portfolio. If we assume that R contains the prices of a set

of stocks, then the portfolio’s standard deviation can be computed from the asset level:

op =vhCh Z\/ZZ:hithij :\/Zi:Zj:hihjpijo-io-j (1)

h = N x1 vector of asset weights,
C= N xN covariance matrix for the asset returns, and

o; = p;0;0; introduces the correlation coefficient.

For any linear portfolio, we are able to compute its risk if we know the weights and the
covariance matrix of the assets.

A linear mapping function € is applied to a normal vector R . This is illustrated
in the Figure 3 (obtained from [12]) intuitively by mapping evenly spaced values for R
through the mapping function @. The output values for P after the mapping are also
evenly spaced, indicating that the portfolio mapping does not cause any distortion.

Therefore, since R is normal, P now is normally distributed.

=
P 5%
 — [ =
— £z ‘
—_ O
R =

Figure 3: Linear Portfolio
If @, the portfolio mapping function, is not a linear polynomial. A portfolio of

options is one such example where & is given by the Black Scholes’s option pricing

12



formula. This is a non-linear case, so we cannot compute o, using (1). Therefore, P
cannot be assumed to be normally distributed. Options limit the downside risk, hence
they skew the probability distribution of P .

A nonlinear mapping function 6 is now applied to a normal vector R . This is
illustrated in Figure 4 intuitively by mapping evenly spaced values for R through the
mapping function 0. The corresponding output values for P after the mapping are not
evenly spaced, indicating how the portfolio mapping distorts the distribution of P .
Therefore, P now has a non-normal distribution. The left graph in the Figure 4 (obtained

from [12]) depicts the familiar “hockey stick™ price function of a call option.

A

R ]

o
Frobatality
Density

Figure 4: Nonlinear Portfolio

The mapping procedure accepts a portfolio’s composition as an input and its
output is the mapping function 0 that defines P as a function of R . The inference
procedure accepts historical data of the corresponding risk factors of the N -dimensional
vector R as its input. The purpose of the inference procedure is to characterize the
probability distribution of R based on its input. The output of the inference is the
characterization of the distribution of R . The transformation procedure then combines
the outputs from the mapping procedure and the inference procedure and uses them to
characterize the distribution of P . Based on the distribution of P and the current

portfolio value p, the transformation procedure then determines the value of VaR. A

13



Schematic representation of how the Value-at-Risk is calculated is shown in Figure

5[12].

of the Conditional
Distribution of 'R

1, VaR Measure

Value for the
VaR Metric

Figure 5: Schematic representation of a VaR calculation.
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3 Value-at-Risk Methods

The different methods used to compute value-at-risk are discussed in detail in this

section.

3.1 Historical Simulation Method

The Historical simulation method is a popular method of estimating VaR. It
involves using past data in a very direct way as a guide to what might happen in the
future. We apply the current weights to the historical asset returns by going back in time
such as over the last 100 days. The current portfolio weights are computed using standard

mathematical optimization.

N T —
R.=Y> hR =h R

i=1
A distribution of portfolio returns is obtained. These portfolio returns are then sorted and
depending on the target probability the corresponding quantile of the distribution is taken.
This gives us the 1-day VaR using Historical Simulation method.

Hypothetical portfolios can also be generated using the current portfolio weights

and the historical asset returns. This approach is called bootstrapping. An another

procedure of generating scenarios for tomorrow for the market variables (such as equity

prices, interest rates and so on) based on their today’s values is discussed in (chapter 16,

[8D).

3.1.1 Advantages:

Historical simulation method is relatively simple to implement if the past data is

readily available for estimating Value-at-Risk. Historical simulation method allows

15



nonlinearities and nonnormal distribution by relying on the actual prices. It does not rely
on underlying stochastic structure of the market or any specific assumptions about
valuation models. Historical simulation method does not rely on valuation models and is

not subjected to the risk that the models are wrong [9].

3.1.2 Disadvantages:

The Historical Simulation method assumes the availability of sufficient historical
price data. This is a drawback because some of the assets may have a short history or in
some cases no history at all. There is also an assumption that the past represents the
immediate future which is not always true. The Historical Simulation method quickly

becomes cumbersome for large portfolios with complicated structures.

3.2 Monte Carlo Simulation Method:

The Monte Carlo simulation method can be briefly summarized in two steps. In
the first step, a stochastic process is specified for the financial variables. In the second
step, fictitious price paths are simulated for all financial variables of interest. Each of
these “pseudo” realizations is then used to compile a distribution of returns from which a

Value-at-Risk (VaR) figure can be measured.

3.2.1 Advantages:

The Monte Carlo method can incorporate nonlinear positions, nonnormal
distributions, implied parameters, and even user-defined scenarios. As the price of

computing power continues to fall, this method is bound to take on increasing importance

[9].

16



3.2.2 Disadvantages:

The biggest disadvantage of the Monte Carlo method is its computational time. If
1000 sample paths are generated with a portfolio of 1000 assets, the total number of
valuations amounts to 1 million. In addition, if the valuation of assets on the target date
involves itself a simulation, the method requires “simulation within a simulation.”
Therefore, computer and data requirements are much higher than that required by the
other approaches.

The method is the most expensive to implement in terms of systems
infrastructure. Another potential weakness of the Monte Carlo method is that it is subject
to the risk that the models are wrong. The Monte Carlo method relies on specific
stochastic processes for the underlying risk factors as well as the pricing models for
securities such as options or mortgages. Simulation results should be complemented with

some sensitivity analysis to check if the results are robust to changes in the model.

3.3 Delta-Normal Method

The Delta-normal method is the best method to compute VaR for portfolios with
linear positions and whose distributions are close to the normal probability density
function. The Delta-Normal method may not be appropriate for portfolios with non linear
positions such as options and nonnormal distributions. In such cases, one should use
Monte Carlo method to calculate the Value-at-Risk of the portfolio.

Using Delta-Normal method, Value-at-Risk would be relatively easy to compute,
fast, and accurate. In addition, it is not too prone to model risk (due to faulty assumptions
or computations). Because the method is analytical, it allows easy analysis of the VaR

results using marginal and component VaR measures.

17



3.3.1 Advantages:

The Delta-Normal method is easy to implement because it involves a simple
matrix multiplication. It is also computationally fast, even with a large number of assets,
because it replaces each position by its linear exposure. Portfolios that are linear
combinations of normally distributed risk factors are themselves normally distributed. It
only requires the market values and exposures of current positions, combined with risk
data. Also, in many situations, the delta-normal method provides adequate measurement
of market risks. As a parametric approach, VaR is easily amenable to analysis, since
measures of marginal and incremental risk are a by-product of the VaR computation. This
method is important not only for its own sake but also because it illustrates the

“mapping” principle in risk management.

3.3.2 Disadvantages:

A first problem is the existence of fat tails in the distribution of returns on most
financial assets. These fat tails are particularly worrisome precisely because VaR
attempts to capture the behavior of the portfolio return in the left tail. In this situation, a
model based on a normal distribution would underestimate the proportion of outliers and
hence the true Value-at-Risk.

Another problem is that the method inadequately measures the risk of nonlinear
instruments, such as options or mortgages. Under the delta normal method, options
positions are represented by their “deltas” relative to the underlying asset. Asymmetry in
the distribution of options is not captured by the delta-normal VaR.

All of these methods present some advantages. The Monte Carlo method is the

most comprehensive approach to measuring market risk if modeling is done correctly.

18



The method can even handle credit risks. A recent survey by Britain’s Financial Services
Authority has revealed that 42 percent of banks use the Delta-Normal approach, 31
percent use Historical Simulation, and 23 percent use the Monte Carlo approach. The
Monte Carlo analysis of linear positions with normal returns, for instance should yield the

same result as the Delta-Normal method [9].

3.3.3 Implementation of Delta-Normal Method:

This implementation is a special case of the previous algorithm mentioned in the
computation of Value-at-Risk with the following key differences. In this thesis, the risk

factors consist of the prices of the stocks. The Portfolio’s current return is denoted as p

and it is known. The Portfolio’s future return (or forecasted return) is not known advance
and it is a random variable denoted by P . We need to estimate the distribution of P to
calculate VaR. Now since the delta-normal method assumes a standard normal
distribution, we assume a standard distribution such as a normal distribution for P . The
problem reduces from one of estimating an entire distribution to that of estimating the

parameters necessary to specify that distribution x, ando,. R is an N —dimensional

vector which contains the values of these risk factors. Based on the historical data, we
can characterize the distribution of R .

We then need to convert that characterization of the distribution of R into a
characterization of the distribution of P . This is achieved by the portfolio mapping
function. Portfolio’s future value can be expressed in terms of R by using a function 6
called the portfolio mapping function. Portfolio mapping function & maps the N -
dimensional space of the returns of the stocks to the one-dimensional space of the

portfolio’s future market value where N corresponds to the number of stocks chosen.

19



P =60(R)
This relationship is called portfolio mapping. Now, since R holds the prices of the
different stocks then it is a very simple portfolio mapping. So, we need to apply the
portfolio mapping function € to the entire distribution of R to obtain the entire
distribution of P .
@ is a linear polynomial and P is normally distributed and then all we need to do

is calculate x4, and o, for the portfolio. If we assume that R contains the prices of a set

of stocks, then the portfolio’s risk can be computed from the asset level:

o» =hCh' :\/ZZhihjaij :\/ZZhihjpuaiJj
i j l J

h =Nx1 vector of asset weights,
C = NxN covariance matrix for the asset returns, and

o;; = p;o;0; introduces the correlation coefficient.

The output of the mapping procedure in the delta-normal method is a linear
mapping function 0 that is applied to a normal vector R . The output values for P after
the mapping are also evenly spaced, indicating that the portfolio mapping does not cause
any distortion. Therefore, since R is normal, P now is normally distributed. The
inference procedure accepts historical data of the stock returns of the N -dimensional
vector R as its input. Since the returns of the stocks are normally distributed, a linear
combination of these is also normally distributed.

The output of the inference procedure is that the characterization of the
distribution of R is a normal distribution. The transformation procedure then combines

the outputs from the mapping procedure and the inference procedure and uses them to

20



characterize the distribution of P . In the delta-normal method, the transformation
procedure determines that the distribution of P is a normal distribution. Based on the

distribution of P and the current portfolio value p, the transformation procedure then
determines the value of VaR. Since P is normally distributed then the VaR for a target

probability p” is calculated:
VaR(p*)=Z _.op +(P—4p)
With Zl_p* is equal to 1.645 for a target probability of 95%. The other values of target

probabilities i.e., p* are 90%, 97.5% and 99%. Over a short time horizon, such as a day,

it is reasonable to assume the portfolio’s forecasted return equals to its current return. In

such cases, VaR is calculated:

VaR(p*) = Z]_p*ap

3.3.4 Proof of the VaR formula using the VaR definition:

The portfolio’s Value-at-Risk (VaR) is a percentile of its loss distribution over a
fixed horizon At. For example, the value-at-risk for a target probability of 99% is a point
X satisfying

At = risk-measurement time horizon

S = vector of m market prices

AS = Change in S over time horizon At

V (S,t) = portfolio value at time t and market prices S

L = loss over time horizon At =-AV =V (S,t) -V (S + AS,t + At)

I-F (x . )=P(L>x.)= p* with p*=0.01

21



The probability P(L > Xp*) = p” can be computed in terms of the standard random

variable Z ,

The Central Limit Theorem is applied to L assuming that L is normally distributed and
that it is a sum of independent and identically distributed random variables. Therefore,

the above expression can then be written as:

X . —p
p
o,

So, X is given by:

Xpe =+ O'LZI_p*
Where p, is the expected value of the portfolio’s loss over the risk-measurement time
horizonAt. u, =E(L)

4, = Current Portfolio Return — Forecasted Portfolio Return = p — x4,

o = Standard deviation of the forecasted portfolio of stocks at the end of the risk-

measurement time horizon At.

The value of X gives the Value-at-Risk for a particular target probability 1— p~.
Therefore, the Value-at- Risk for the target probability p*is computed:

X =u +o Z .
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For example, for p*=0.95 the VaR is computed:
X =M +0, 2y =M +0.1.645

The value-at-risk computed here is a daily VaR. Over a short time horizon such as one
day, the daily VaR is calculated:

y ()

Xp*daily = O Ldaily 1-p*
If 0|4, 1s the daily return standard deviation of the portfolio, we convert this to 100-day

standard deviation if the risk-measurement time horizon At is considered to be 100 days

through:
O L100days — V 1000, daily
Now, the 100-day Value-at-Risk is calculated:

X =4/ IOOGLda”yZl—p* + /uLdain

p*100days
Over a short time horizon, the current portfolio return is almost equal to the forecasted

portfolio return. So, we assume that x4, = 0. In that case, the 100-day Value-at-Risk is

calculated:

=V1000 4y Z,_ 3)

Xp*lOOdays
Using (2), equation (3) can be written in terms of the daily VaR as:

X =4/100x

p*100days p*daily
The above formula is true only when the current portfolio return is equal to the forecasted

portfolio return. This is equivalent to the following formula (see chapter 16, [8])

N — dayVaR = 1— dayVaR *+/N
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3.3.4 Optimization:

Markowitz defined efficient portfolios as portfolios that minimized risk for a
given level of return and maximized return for a given level of risk. The set of all
efficient (feasible) portfolios is called the efficient frontier ([2, 4, 6]). Markowitz had also
developed computer algorithms that could efficiently find the efficient frontier. The
search for good portfolios is reduced to a standard mathematical optimization problem

and this problem can be formulated in several equivalent forms.

[l | R |

N N
(1) Minimize: o} = Var(R,) = ZZ h.o.h; = h"Ch subject to the constraint
i1 ol

N
Up =E[R,] = z h.g; =h" u is equal to a specified level of return,

i=1

and ZN:hi =1
i=1

N
(2) Maximize 4, = E[Ry] = D _h,z; =h" s, subject to the constraint

i=l

N

N
op = Var(R,) = ZZ ho.h. =h"Ch is equal to a specified level of risk,

1 J )
i=l j=I

and ihi =1
i=1

We can impose additional constraints in the above two forms such as:

h, > 0, Vi (Short Selling is forbidden)

h, <'s,Vi(Each asset cannot have more than a fraction of the total investment)

N
(3) MinimizeU = o7 — A p,,, subjectto Y h, =1

i=1
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The first two forms simply require that the “optimal” portfolio is efficient. The

third problem introduces the notion of a utility function where U is the utility function
and the parameter A; is a measure of the risk aversion for the investor (the reciprocal of
the risk tolerance). We may add additional constraints of the form:

e Ah=Db

e Ah>D

e N, >0,Vi(short selling is forbidden)

The minimum-variance portfolio weights in the implementation are computed by

using quadratic programming for the following problem:

10 10
Minimize: o7 =Var(R, ) = Zz hioyh; =h"Ch, subject to the constraint

i=l j=I

10

z h. =1 and h, >0, Vi (short selling is not allowed).

i=1

Matlab’s quadprog uses quadratic programming to solve for portfolio weights
for a minimum variance portfolio with specified returns along the efficient frontier and it
has been used for this project. In this project, we consider minimum variance portfolios
on the efficient frontier. A sample of efficient frontiers and portfolio allocation bar charts
are plotted for a couple of different time intervals (see Appendix B). The minimum
variance portfolio lies at the bottom of the efficient frontier curve. An investor should
only consider the portfolios that are on the efficient frontier. The portfolio
allocation bar charts depict the different portfolio allocations over time. Portfolios during
certain time intervals are fully diversified compared to the other time intervals where the

portfolios do not include all the ten stocks.
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4. Results and Analysis
4.1 Implementation of the Delta-Normal Method
Our data consists of 500 daily prices of ten stocks dated from 2™ Jan, 2001 (01/02/2001)

to 27" May, 2003 (05/27/2003). The portfolio consisting of ten stocks is listed:

HITK Hi-Tech Pharmacal Inc
WTSLA Wet Seal Inc

MSEX Middlesex Water Co

NWPX Northwest Pipe Co

CMGI CMGI Inc

NITE Knight Trading Group Inc
BOKF BOK Financial Corp

SMSC Standard Microsystems Corp
GBND General Binding Corp

ASIA Asia Info Holdings, Inc.

The daily returns are computed as follows:
RO =PE+D)-P@®)/P@1) ,fort=1, ...... ,499 and i=1,....... 10.

The 500 days are divided into disjoint time periods of 100 daily returns each. The mean
return, the standard deviation and the covariance matrix of the daily returns for the first

100 days are computed as follows:
100
,ui(IOO):(l/IOO)ZRi(t),fori=1, ....... ,10

t=1

100

o’ (100) = &, (100) = (1/99)2‘(Ri () = 1;(100))°, fori=1,....... ,10
t=l1
100

& (100) = (1/99)) " (R, (t) — 2 (100))(R, (t) — ;(100)), for i,j=1,......,10

t=1

The minimum-variance portfolio weights h are computed by using quadratic

programming for the problem stated as follows:
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10 10
Minimize : o7 =Var(R,) = > > hoyh; =h'Ch, subject to the constraint

i=l j=I

10
Zhi =1and h, >0,Vi (short selling is forbidden)

i=1
The current return p is computed by multiplying the minimum-variance portfolio

weights times the daily returns of the ten stocks for the 100™ day.
10 ST —
p=> hR;(100)=h R(100)
i=1

The risk measurement time horizon in the computation of Value-at-Risk is 100days. To
compute the forecasted return P, we consider a moving window size of 100 days. So, P

is the forecasted return of the portfolio for the 101* day :
T —
P=h u(100)
The standard deviation of the portfolio P, denoted as o, , is given by.
AN 12
op = (hCh
where h is the minimum-variance portfolio weights vector and o is the covariance

matrix using the first 100 days. To compute the Value-at-Risk, we compute the standard

deviation through:
Opigodays = V 100 * o daily

The Value-at-Risk at the 101* for the portfolio at a target probability of 95% is given by:
VaR(95%) =1.645c, +(p — 1p)
Now, the next time interval is considered by taking the next 100 daily returns (i.e, from

the 2™ day — 101st day’s returns) of the ten stocks and the same procedure is repeated for
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computing Value-at-Risk at the 102" Day. The minimum-variance portfolio weights h
are recomputed for each time interval by using quadratic programming.

The same procedure is repeated for 399 more time intervals and the corresponding
VaR is computed for each time interval. Therefore, we compute Value-at-Risk for 400
time intervals. Finally, for a $1000 investment in the portfolio of ten stocks we calculate

the Value-at-Risk in dollars.

4.2 Implementation of the Historical Simulation Method

The same procedure is repeated for computing the mean return, the standard deviation,
the covariance matrix of the daily returns and minimum-variance portfolio weights for
the first 100 days as described in the implementation of the Delta-Normal Method
(Section 4.1). The portfolio weights are applied to the daily returns from day 1 to day 100

to obtain a vector of 100 daily portfolio returns.
10
RP ()= (Z hi (t)Ri j
i=1

Ry (1) is a vector of 100 daily portfolio returns and it is computed for each time interval.
The distribution of daily portfolio returns is sorted and the 5% quantile of the distribution
is taken since we consider a target probability of 95% i.e., p* =0.95. We compute the 1-

day VaR of the portfolio returns and we convert it into 100-day VaR by multiplying the
1-day VaR by square root of 100. The same procedure is repeated for 399 more time

intervals and the corresponding VaR is computed in dollars for an investment of $1000.
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4.3 Results

VaR has been computed for the Delta-Normal method and the Historical
Simulation method. The values of a 100-day VaR for an investment of $1000 for the 400
time intervals are obtained. Figure 6 shows the plot of the VaR in dollars for Historical
Simulation method versus VaR in dollars for Delta Normal method against the
corresponding date on which VaR was computed. Delta-Normal method curve oscillates

more than the Historical Simulation method curve.

Delta-Normal VaR vs Historical Simulation VaR
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Figure 6: Delta-Normal Method VaR vs Historical Simulation Method VaR
The Delta-Normal method predicts a maximum loss of $92.38 more than the
Historical Simulation method on March 6™ 2003. The Historical Simulation method

predicts a maximum loss of $59.87 more than the Delta-Normal method on December

11" 2002.
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The distribution of the VaR computed by the Delta-Normal Method for the 400

time intervals is shown in Figure 7 and it is non-normal from the normality test.

K *=0300Q

ril

Figure 7: Distribution of VaR for Delta-Normal Method

The distribution of the VaR computed by the Historical Simulation method for the 400

time intervals is shown in Figure 8§ and it is non-normal from the normality test.

K= 0300Q

rl

L1

Figure 8: Distribution of VaR for Historical Simulation Method
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4.4 Analysis:

The difference between the values of VaR obtained by the two methods is
computed by the Delta-Normal VaR minus the Historical Simulation VaR in dollars. The
Figure 9 below shows the plot of the difference in dollar VaR for Historical Simulation
method versus the Delta-Normal Method against the corresponding date on which VaR

was computed.

Difference Plot between Delta Normal VaR vs Historical Simulation VaR
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Figure 9: Plot of the difference between Delta-Normal VaR vs Historical Simulation
VaR

The distribution of the difference in VaR between the Delta-Normal method and
the Historical Simulation method is shown in the Figure 10. The distribution of the

difference is normally distributed from the normality test (see Appendix C).
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K *=0300Q

Ll ri

Figure 10: Plot of the distribution of the difference between Delta-Normal VVaR and
Historical Simulation VaR

On an average, an investor loses about $220 from Figure 6 with an initial
investment of $1000. The maximum amount that an investor loses is $330 using the
Delta-Normal method. Similarly, the maximum amount an investor loses is $255 using
the Historical Simulation method. From Figure 9, we observe that a difference between
Delta-Normal and Historical Simulation VaR is noticed during the beginning and the
ending time intervals. For the time intervals in between, the Delta-Normal and Historical
Simulation VaR appear to be quite close from Figure 6 but the largest percentage
difference occurs on December 117 , 2002 when the Historical Simulation method

exceeds the Delta method by 41.57% from Figure 11.
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Percentage Difference of the Historical Simulation VVaR vs Delta Normal Method VaR
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Figure 11: Plot of the Percentage difference between Delta-Normal VaR vs
Historical Simulation VaR

The plot in Figure 11 oscillates much more on the positive phase (above 0%) than
on the negative phase. The VaR computed by the Delta-Normal method exceeds
Historical Simulation by a maximum value of 36.93%. The VaR computed by the
Historical Simulation exceeds the Delta-Normal method by a maximum value of 41.57%.

The normality of the returns of the stocks is tested. The Shapiro-Wilk p-value is
an indicator of the normality of the returns being considered. According to the Shapiro-
Wilk normality test, we reject normality if p-value is less than 0.05 and we accept
normality if the p-value is greater than 0.05. The results for the normality test for the
different Phases can be seen in Appendix C. The results for the normality test for the

whole data of returns of the ten stocks can be seen in Appendix D.
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We divide the plot in Figure 6 into three phases. During phase I i.e., between the
time interval November 5™, 2001 and February 12", 2002 the Delta-Normal method

predicts higher losses in VaR than the Historical Simulation method.

Percentage Difference of the Historical Simulation VVaR vs Delta Normal Method VaR
During Phase |
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Figure 12: Plot of the Percentage difference between Delta-Normal VaR vs
Historical Simulation VaR during Phase |

In the Phase I, we observe that the curve is only oscillating in the positive side. A
difference in the estimates of VaR using the two methods is observed in Phase I from
Figure 6. The results of the normality test in the Phase I show that the returns of the data
are normally distributed (see Appendix C). Since the returns of the data are normally
distributed during this phase, the Delta-Normal method would be a better approach to
calculate VaR over Historical Simulation method. The VaR computed by the Delta-

Normal method exceeds Historical Simulation method by a maximum value of 37%.
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Percentage Difference of the Historical Simulation VVaR vs Delta Normal Method VaR
During Phase 11
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Figure 13: Plot of the Percentage difference between Delta-Normal VaR vs
Historical Simulation VaR during Phase 11

During Phase II i.e, between February 13th, 2002 and March 3rd, 2003, the results
of the normality test show that the returns of the data are non-normal. The returns are
positively skewed. With regards to kurtosis, half of the returns of the data are peaked

with kurt(X) >3 and half of the returns are flat with kurt(X) < 3. More oscillations in

the plot are observed in the positive phase. Since the returns of the data are not normally
distributed during this phase, the Historical-Simulation approach might be having an
advantage over the Delta-Normal approach in calculating VaR. The VaR computed by
the Historical Simulation exceeds the Delta-Normal method by a maximum value of
41.57%. The VaR computed by the Delta-Normal method exceeds Historical Simulation

by a maximum value of 36.86%.
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During Phase III i.e, between March 4th, 2003 and May Sth, 2003 the returns of the

data are normally distributed (as shown in the Appendix C)

Percentage Difference of the Historical Simulation VVaR vs Delta Normal Method VaR
During Phase 111
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Figure 14: Plot of the Percentage difference between Delta-Normal VaR vs
Historical Simulation VaR during Phase 111

Since the returns of the data are normally distributed during this phase, the Delta-Normal
method would be a better approach to calculate VaR. The VaR computed by the
Historical Simulation exceeds the Delta-Normal method by a maximum value of 5%. The
VaR computed by the Delta-Normal method exceeds Historical Simulation by a
maximum value of 28%. For an initial investment of $1000, Figures 15 and 16 depict that

the actual portfolio value during a particular time interval versus the (Investment —VaR).

An investor is (1— p*)% certain that the actual return on his investment will be atleast
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($1000 - VaR).

Actual Portfolio Value vs VaR (Delta-Normal Method)
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Figure 15: Plot of the Actual Portfolio Value vs (Investment — VaR) for Historical
Simulation Method.
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Figure 16: Plot of the Actual Portfolio Value vs (Investment — VaR) for Delta-
Normal Method




5. Conclusion

The Delta-Normal Method is a suitable method to estimate VaR for linear portfolios and
normally distributed returns. The Historical Simulation method is used to compute VaR
both for linear and non-linear portfolios. The returns of the stock data considered in this
project are normally distributed during Phase I and Phase III. So based on the normality
of the returns of the data, the Delta-Normal Method is a better approach to calculate VaR
compared to the Historical Simulation Method. Delta-Normal Method has an advantage
of being easy to be implemented.

The actual return on the portfolio is greater than the Value-at-Risk for the Delta-
Normal method for all the time intervals except from October 4™ 2002 to October 11™
2002. The actual return on the portfolio is greater than the Value-at-Risk for the
Historical Simulation method for all the time intervals except for the time intervals from
September 20" 2002 to September 27" 2002 and from October 3™ 2002 to October 11™

2002 . Thus, any investor who would invest in this portfolio would go with the Delta-

Normal Method of computing the Value-at-Risk.
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Appendix A: Matlab Code

% Matlab Code to Calculate VaR using Delta-Normal Method
% ReadTenStocks

Data = xlIsread("Historical Data.xls");

alpha=0.95;

m=100;

for i=1:400

mu = mean(Data(l+(i-1):100+(i-1),:))";
dim = size(mu,l);

C = cov(Data(1+(i-1):100+(i-1),:));

% Quadratic Programming to calculate the minimum-variance
% optimal portfolio weights.

% Start with small risk tolerance to approximate the min
variance portfolio

minrt = 0.001;

% You need an initial feasible point: force the fully
% invested constraint.

X0 = zeros(dim,1);

slack = 1-sum(x0);

UB=[1111111111];
LB=[0 OO OO 0O0OO0OO0 O 0];

for j=1:dim
x0(g) = min(slack,UB(J));
slack = 1-sum(x0);

end

rt = minrt;
x=gmgp(rt,mu,C,LB,UB,x0);
muP = mu"*x;
VarP = X"*C*x;
PlotPoint = [muP, VarP];
StackX = Xx;

% Now loop through the risk tolerances

numsteps = 100;

for rt= minrt : .005 : numsteps+minrt,
X0 = X;
x=gmgp(rt,mu,C,LB,UB,x0);
muP = mu®*x;
VarP = xX"*C*x;
PlotPoint = [PlotPoint; muP, VarP];
StackX = [StackX,x];

end

% Plot the efficient frontier
figure(l);
last = size(PlotPoint,1);

Code
for
Calcul
ating
VaR
using
the
Delta-
Norma

Metho
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Xmax 1.2*PlotPoint(last,l);

ymax = 1.2*PlotPoint(last,?2);

xhim([0,xmax]);

yhim([0,ymax]);
plot(PlotPoint(:,2),PlotPoint(:,1),"-r", "LineWidth",3);
grid on

title("Efficient Frontier™)

xlabel ("Risk = Portfolio Variance")

ylabel ("Return*)

%

% Plot the efficient portfolios in a bar chart
figure(2);

bar(StackX", "stack")

grid on

xim([O, numsteps])

yhim([0,1])

title("Efficient Portfolio Allocations®)
xlabel ("Different Portfolio Allocations®)
Ylabel (*Sum of Portfolio Allocations™)

% Quadratic Programming using Optimization toolbox to calculate
% the minimum-variance Portfolio Weights.

cc[00O0O0OO0O0O0OO0O0 O0]:

Aeg =[1111111111];

Beq =[1];

UB=[1111111111];

LB=[0 OO OO 0O O O 0];

[x,Fval ,EXITFLAG,OUTPUT, lambda] =

quadprog(C,c,[1.[1.Aeq,Beq,LB,UB);

g2=Aeq*x;

fprintf("\nFinal Values\n")

fprintf("Optimum Design Variables\n®)

fprintf("--———--——-—— \n"),disp(x"),disp(sum(x™))

fprintf("Optimum function value\n-)

fprintf("—-—-———--——-——---—-"- \n"),disp(fval)

fprintf("\nLagrange Multipliers for equality constraint\n")

forintfC-----------------e . ;e b b i b b b b - \n")...
,disp(lambda.eglin®)

fprintf("\nEquality constraint\n®)

fprintf("—-—-—-——--——-—---—--- \n"),disp(g2)
% Multiply the minimum-variance portfolio weights by the

% next 100 daily returns

% p - Current Portfolio Return

% P - Forecasted Portfolio Return
p=Data(100+(i-1), :)*X;

P=x"*mu;

stdP=sqrt(x"*C*x);

% Compute the 100-Day VaR
VatHist(i,1)=(1.645*stdP*sqrt(100)+(p-P));
% Compute the Dollar Amount of VaR
Dollar_VatHist(i,1l)=VatHist(i)*1000;

end
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Code for Calculating VaR using the Historical-Simulation Method

% Matlab Code to Compute the VaR using Historical Simulation Method.
% ReadTenStocks

Data = xlsread("Historical _Data.xls");

alpha=0.95;

m=100;

for 1=1:400

mu = mean(Data(l+(i-1):100+(i-1),:))";
dim = size(mu,l);

C = cov(Data(1+(i-1):100+(i-1),:));

% Quadratic Programming to calculate the minimum-variance optimal
% portfolio weights.

% Start with small risk tolerance to approximate the min variance
portfolio

minrt = 0.001;

% You need an initial feasible point: force the fully invested
% constraint.

X0 = zeros(dim,1);

slack = 1-sum(x0);

UB=[1 11111111 1];
LB=[0 0 0O OO 00O 0 0];

for j=1l:dim
X0(J) = min(slack,UB(}));
slack = 1-sum(x0);

end

rt = minrt;
x=gmgp(rt,mu,C,LB,UB,x0);
muP = mu®*x;

VarP = x"*C*x;

PlotPoint = [muP, VarP];
StackX = x;

% Now loop through the risk tolerances
numsteps = 100;
for rt= minrt : .005 : numsteps+minrt,
X0 = X;
x=gmgp(rt,mu,C,LB,UB,x0);
muP = mu®*x;
VarP = xX"*C*x;
PlotPoint = [PlotPoint; muP, VarP];
StackX = [StackX,x];
end

% Plot the effecient frontier
figure(l);

last = size(PlotPoint,1);

xmax = 1.2*PlotPoint(last,l);

ymax 1.2*PlotPoint(last,2);
xbhim([0,xmax]);

ylim([0,ymax]);
plot(PlotPoint(:,2),PlotPoint(:,1),"-r','LineWidth',3);
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grid on

title("Efficient Frontier™)

xlabel ("Risk = Portfolio Variance")
ylabel ("Return®)

% Plot the efficient portfolios In a bar chart
figure(2);

bar(StackX®, "stack®)

grid on

xim([O, numsteps])

yhim([0,1])

title("Efficient Portfolio Allocations®)
xlabel (*Different Portfolio Allocations®)
Ylabel (*Sum of Portfolio Allocations®)

% Quadratic Programming using Optimization toolbox to calculate the

% minimum

% variance Portfolio Weights.

cc[00O0O0OO0O0O0O0O0 O0];

Aeg =[1 112111111 1];

Beq =[1];

UB=[1111111111];

LB=[0 OO OO 0O O O 0];

[x,fval ,EXITFLAG,OUTPUT, lambda] =

quadprog(C,c,[].[].Aeq,Beq,LB,UB);

g2=Aeq*x;

fprintf("\nFinal Values\n®)

fprintf("Optimum Design Variables\n®)

fprintf("----——-————— - \n"),disp(x"),disp(sum(x*))

fprintf("Optimum Ffunction value\n®)

fprintf("—-———————————— - \n"),disp(fval)

fprintf("\nLagrange Multipliers for equality constraint\n®)

forintfFC------------—----1oo i b b b b b i - \n")...
,disp(lambda.eglin®)

fprintf("\nEquality constraint\n®)

fprintf(CC----————————— \n"),disp(g2)

% Multiply the minimum-variance optimal portfolio weights by the
% next 100 daily returns
FutureData=Data(1+(i-1):100+(i-1),:);
Hist=FutureData*x;

% Sort the Portfolio Returns
sortHist=sort(Hist);

% Compute the Index for the specified quantile
index=round((1-alpha)*m);

% Compute the 100-day VaR
VatHist(i,l)=sortHist(index)*sqrt(100);

% Compute the Dollar Amount of VaR
Dollar_VatHist(i,1l)=VatHist(i)*1000;

end
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Appendix B: Efficient Frontiers and Portfolio Bar Allocations Charts for Different
Time Intervals
Efficient Frontier (Risk Vs Return) and Efficient Portfolio Allocations Bar Chart for the

portfolio of ten stocks between 01/02/2001 and 05/25/2001
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Efficient Frontier (Risk Vs Return) and Efficient Portfolio Allocations Bar Chart for the

portfolio of ten stocks between 03/05/2001 and 07/26/2001
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Efficient Frontier (Risk Vs Return) and Efficient Portfolio Allocations Bar Chart for the

portfolio of ten stocks between 05/03/2001 and 10/01/2001
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Appendix C: SAS Results |
Phase I: The normality test for the returns of the data from November 5™, 2001 to

February 12", 2002.
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Phase I1: The normality test for the returns of the data from November Feb13"™, 2002 to
Mar 3", 2003.
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Phase 111: The normality test for the returns of the data from November Mar 4™, 2003 to

Mar 8th, 2002.
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Distribution of the difference of the VaR between the Delta-Normal method and the
Historical Simulation method.
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Appendix D: SAS Results 11

Test for normality for the whole historical data of the portfolio of ten stocks from
01/02/2001 to 05/27/2003
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